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We investigate the effects of wave localization on the delay time t ~frequency sensitivity of the scattering
phase shift! of a wave transmitted through a disordered waveguide. Localization results in a separation t5x
1x8 of the delay time into two independent but equivalent contributions, associated to the left and right end
of the waveguide. For N51 propagating modes, x and x8 are identical to half the reflection delay time of each
end of the waveguide. In this case the distribution function P(t) in an ensemble of random disorder can be
obtained analytically. For N.1 propagating modes the distribution function can be approximated by a simple
heuristic modification of the single-channel problem. We find a strong correlation between channels with long
reflection delay times and the dominant transmission channel.
DOI: 10.1103/PhysRevE.64.026606 PACS number~s!: 42.25.Dd, 42.25.Hz, 72.15.RnI. INTRODUCTION
In this paper, we characterize localization of randomly
scattered waves by means of a dynamical quantity, the delay
time t .
Wave localization is perhaps the most striking effect of
multiple random scattering @1–4#—in a waveguide geom-
etry, it results in the exponential attenuation of the transmit-
ted intensity I(L)}exp(22L/j) for lengths L of the wave-
guide greater than the localization length j , even in the
absence of absorption. Localization was first investigated in
mesoscopic systems @5–7#. Recently the undertaking of its
realization and observation for microwaves @8,9# and optical
waves @10# has attracted a lot of interest. It is still under
debate @11,12# whether some of these observations are due to
localization or absorption.
The delay time t5df /dv is the frequency sensitivity of
a scattering phase shift f , and has been identified by Wigner
@13# as a measure of the exploration time of the scattering
region ~see also Refs. @14,15#!. Recent experiments have suc-
ceeded in the direct measurement of the so-called single-
mode delay time for specified incident and detected modes,
both for microwaves @16# and optical waves @17#. ~The at-
tribute ‘‘single-mode’’ means here that only one of the N
propagating modes is excited, and only one mode is selected
for detection, but does not imply any restriction of N itself.!
These experimental efforts have promoted the single-mode
delay times to quantities of interest in their own right. The
measurements have been performed with waveguides shorter
than the localization length, and their outcome can be suc-
cessfully described by diffusion theory @18#. That does not
mean that wave localization is of no interest in this context—
note that the experiments on localization and delay times
have been performed on the same sorts of sample, by the
same groups.
Theoretical work on the localized regime has mostly con-
centrated on the delay times of the reflected signal @19–26#.
Some aspects for the transmission delay-time problem for a
single propagating channel (N51) have been studied in Ref.
@27#, where it was found that the distribution of t has a
universal quadratic tail, P(t)}t22, for large t . This tail
eventually crosses over into a log-normal tail, at some large1063-651X/2001/64~2!/026606~9!/$20.00 64 0266value tc that increases with the system length—even though
the tail is irrelevant for the direct experimental or numerical
investigation of the distribution itself, it is reflected in physi-
cal properties of mesoscopic systems ~for a review see Ref.
@28#!. Reference @27# also addressed the properties of a
delay-time weighted by the transmission coefficient, which is
relevant for the conductance of mesoscopic wires.
In this work we investigate the distribution of the trans-
mission delay time t in the localized regime. It will turn out
that the transmission and reflection problem are closely re-
lated for N51. The transmission delay time is then the mean
of the reflection delay times of the both ends of the wave-
guide, and the exact form of the limiting distribution func-
tion P(t) for L→‘ can be found analytically. At finite
length the result is applicable in the range 0,t,tc . Be-
cause tc is very large in the localized regime, this covers the
range of delay times that is relevant for direct experimental
observation and comparison with numerical simulations.
For N.1 there is still only one relevant transmission
channel. Consequently, once again localization results in a
separation of the transmission delay time into two indepen-
dent but equivalent contributions from both ends of the
waveguide. Moreover, one of the contributions only depends
on the excitation mode, while the other only depends on the
detection mode. However, the transmission delay times are
no longer directly related to the reflection delay times. Nev-
ertheless it is possible to obtain the distribution function of
single-mode delay times approximately by a heuristic modi-
fication of the single-channel problem.
Although there is no direct relation to the reflection prob-
lem for the individual single-mode delay times and N.1,
there exists an intensity-weighted combination of all delay
times that is more closely related to the reflection problem.
This combination involves the orthogonal transformation
matrix from the basis of transmission channels to the eigen-
vectors of the Wigner-Smith time-delay matrix. From our
numerical simulations we find a strong correlation of the
dominant transmission channel and the channel with the larg-
est Wigner-Smith delay time.
The paper is organized as follows. In Sec. II we provide
the necessary background material that will be used later on©2001 The American Physical Society06-1
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includes a short review of the diffusive regime and the re-
flection delay times in the presence of localization. In Sec. III
we discuss the case N51 of a single-channel waveguide and
calculate the distribution function of the transmission delay-
time analytically. Section IV is devoted to waveguides with
more than one propagating channel. We will first discuss the
single-mode delay times and compare the distribution from a
numerical simulation with the analytic expression that arises
from the heuristic approximation. Then we turn to the
weighted combination of all delay times and use it to inves-
tigate the relation of the dominant transmission channel with
the channel associated to the largest reflection delay time.
II. BASIC CONCEPTS
A. Waveguide geometry
Figure 1 depicts a quasi-one-dimensional waveguide
~length L much larger than the width! that is filled by a
medium with randomly placed scatterers ~mean free path l).
We assume that there is no absorption and no inelastic scat-
tering inside the waveguide, and consider a monochromatic
scalar wave ~disregarding polarization! for simplicity. Also
we assume that time-reversal symmetry is preserved, as is
appropriate for the propagation of light in absence of
magneto-optical effects.
The number N of propagating modes at frequency v
equals the number of transversal excitations inside the wave-
guide, and is given by N5pA/l2 for a waveguide with
openings of area A ~here l5c/v is the wavelength and c is
the propagation velocity of light!. In the numerical simula-
tions we will work with a planar waveguide of width W
!L , where N52W/l . For a unified description we intro-
duce the scattering time g5al/c , with the coefficient a
52 (p2/4, 8/3) for one-dimensional ~two-dimensional,
three-dimensional! scattering inside the quasi-one-
dimensional waveguide, and the relative length s5a8L/l ,
with a851/2 (2/p , 3/4). The localization length is then
given by j5(N11)l/a8.
B. Scattering formalism
The number N of propagating modes inside the wave-
guide corresponds to the number of independent incident
modes close to each opening of the waveguide. In experi-
FIG. 1. Quasi-one-dimensional waveguide filled by a disordered
medium and illuminated by a monochromatic plane wave. The scat-
tered wave acquires a scattering phase shift f . We investigate the
frequency sensitivity ~delay time! t5df/dv for the transmitted
wave.02660mental practice these modes can be chosen as plane waves
with discretized propagation direction, and mode selection is
realized by the choice of the positions of source and detector.
In such a single-mode experiment, the waveguide is probed
by external illumination with amplitude Cm in mode m, and
the transmitted or reflected signal Fnm is detected in mode n,
with n ,m51, . . . ,2N . ~The modes with index n ,m
51, . . . ,N are associated with the left end of the waveguide,
while the remaining modes pertain to the right end of the
waveguide.! The numbers
Snm5Fnm /Cm ~1!
form the elements of the 2N32N scattering matrix
S5S r t8t r8D , ~2!
with four N3N dimensional blocks that correspond to re-
flection or transmission with the incident radiation from the
left (r , t) or from the right (r8, t8). The scattering matrix
is unitary due to flux conservation in the absence of absorp-
tion, and only depends on one frequency because there are
no inelastic processes. Furthermore, the scattering matrix is
symmetric due to time-reversal symmetry, hence t85tT, r
5rT, and r85r8T.
A useful representation of the scattering matrix is the po-
lar decomposition @7#
S5S uT 00 vTD S A12T ATAT 2A12TD S u 00 v D , ~3!
with unitary matrices u and v and the diagonal matrix T
5diag(T1 , . . . ,TN) of transmission eigenvalues ~eigenval-
ues of t†t). For convenience we order them by magnitude,
T1.T2..TN .
C. Intensity and delay time
The elements of the scattering matrix can be written as
Snm5AInm exp~ ifnm!, ~4!
where Inm is the detected intensity for unit incident intensity
and fnm is the scattering phase shift. The single-mode delay
time is defined as the derivative of the scattering phase shift






Its interpretation as an exploration time of the medium stems
from the short-wavelength limit. The phase can then be ap-
proximated by the classical action Scl of trajectories ~there
may be several! that satisfy the boundary conditions of the
incident and detected modes. According to classical mechan-
ics, the derivative dScl /dv of the phase with respect to fre-
quency ~energy! equals the classical propagation time
through the medium.6-2
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In the ballistic regime s!1 the wave is transmitted with-
out any attenuation, and the modes can be chosen easily such
that each incident mode m is strictly associated with a trans-
mitted mode n8(m), namely, by using the reflection symme-
try of the waveguide ~exchanging left and right!. The inten-
sity is then given by Inm5dnn8 , and the delay time is tnm
5dnn8L/cm , where cm is the longitudinal propagation veloc-
ity in mode m. The average over all modes is ^L/cm&5gs .
E. Diffusion theory
Diffusion theory applies when the length L of the wave-
guide exceeds the mean free path l but is less than the local-
ization length j . The fluctuations of the intensity Inm for
given m and varying n result in a speckle pattern of bright






The mean intensity per mode is ^I&5^T&/N in transmission





is the mean transmission probability. For the special case n
5m in reflection the mean intensity doubles due to coherent
backscattering @29#. The speckle pattern can also be under-
stood from the uniform distribution of the matrices u and v
in the group of unitary matrices U(N). For large N, the ele-
ments of u and v can be considered as random Gaussian
numbers with variance ^uulmu2&5^uv lmu2&51/N , and the
Rayleigh distribution ~6! follows from the central-limit theo-
rem.





Q1~tnm /^t&21 !2#23/2. ~8!
In transmission Q52/5 and ^t&5gs2/3, while in reflection
Q52s/5 and ^t&52gs/3 ~for ballistic corrections in reflec-
tion, see Ref. @25#!.
F. Localized regime
In the localized regime L*j the transmission eigenvalues
Tn become exponentially small, with well-separated, self-
averaging exponents 2^ln Tn&/L52n/j. Transmission is
dominated by the transmission channel with eigenvalue T1,
which is exponentially larger than all the other transmission
eigenvalues. In terms of the polar decomposition ~3!,
tnm5AT1v1nu1m)Inm5T1uv1nu1mu2. ~9!
For large N the complex numbers v1n and u1m again can be
considered as Gaussian random numbers. For fixed incident02660mode m and within a given disorder realization ~fixed T1),
this results again in the Rayleigh distribution ~6! for Inm ,
with ^I&5T1uv1mu2. If one also averages over the incident





with K0 a modified Bessel function of the second kind. This
deviates from the Rayleigh law, obviously because the cen-
tral limit theorem no longer holds due to the large relative
differences between the transmission eigenvalues. The re-
flected intensities Inm , however, still follow the Rayleigh
distribution with ^I&51/N , since they are governed by the
nonfluctuating reflection eigenvalues Ri512Ti’1.
Because transmission becomes negligible, the reflection
matrices r5uTu and r852vTv become unitary. The single-
mode delay times of reflection can then be related to the
Wigner-Smith delay times t˜ i , t˜ i8 , which are the eigenvalues








†S 2 Im v* dvTdv D v , ~11!
respectively ~for details of the relation refer to Refs. @24,25#!.
The two sets of Wigner-Smith delay times are indepen-
dent and equivalent. In terms of the rates m i5t˜ i
21
, the joint







where the step function Q(x)50 for x,0 and Q(x)51 for
x.1. Equation ~12! generalizes earlier results for N51 @19–
22# to arbitrary N.
We order the delay times by their magnitude, t˜ 1.t˜ 2
. . . . .t˜N . Of special interest is the largest delay time t˜ 1,
which is known to dominate the statistics of the reflection
delay times @24,25#, although to a lesser extent than T1 de-
termines the transmitted intensity. Its distribution follows
from a result by Edelman @30# for the smallest m in the




2 exp@2gN~N11 !/t˜ 1# . ~13!
The mean ^t˜ 1& diverges because of the quadratic tail for
large t˜ 1. These large fluctuations are a signature of localiza-
tion @26,27,31,32#, and have been interpreted as exploration
of the localized regions deep inside the waveguide. Our re-
sult for the transmission delay time will support this inter-
pretation: We will see in Sec. IV D that the corresponding
eigenvector of the Wigner-Smith matrix is correlated with
the dominant transmission channel.6-3
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The distribution of the transmission delay time t12 for a
single propagating mode (N51) has been investigated pre-
viously in Ref. @27#, where it was found that P(t12)}t1222 for
large t12 . In this Section we will calculate the distribution
function analytically, for all t12 .
For N51, the scattering matrix is a 232 matrix, hence
the transmission and reflection elements t5uvAT , r
5u2A12T , and r852v2A12T reduce to complex num-
bers, while the matrices u , v , of the polar decomposition are
now unimodular complex numbers. The single-channel case








is directly related to the reflection delay times
t115Im r21
dr





dv 52 Im v
21 dv
dv . ~16!
The relation holds for all lengths ~it does not require local-
ization!, and can also be derived from the condition of uni-
tarity of the scattering matrix,
rt*1tr8*50) ddv ~rt*1tr8*!50. ~17!
It is convenient, also in view of the case N.1 to be
discussed in Sec. IV, to introduce the quantities
x5Im u21
du
dv , x85Im v
21 dv
dv . ~18!
In the localized regime, the reflection delay times are deter-
mined by scattering in nonoverlapping regions close to each
end of the waveguide. Hence x and x8 become independent,
and their joint distribution function P(x ,x8)5P(x)P(x8)
factorizes. The reflection delay times t1152x , t2252x8






@and equivalently P(x8)# hence follows from the Laguerre
ensemble, Eq. ~12!, for N51. The derivation in the frame-
work of one-dimensional scaling theory is briefly recapitu-
lated in Appendix A. P(x) eventually is determined by the
requirement that it becomes independent of length in the





]x S 2g1 ]]x x2D P50. ~20!
02660In Sec. IV B we will propose a slightly modified version of
this equation for the case N.1.
From Eq. ~19!, the distribution of the transmission delay











3 expS 2 2gt12D FK0S 2gt12D1K1S 2gt12D G . ~21!
In Fig. 2 this prediction is compared with the result of a
numerical simulation of random scattering in a planar single-
channel waveguide. In these simulations the Helmholtz
equation is solved on a square lattice. In terms of the lattice
constant a, the width of the waveguide is W53 a , and the
wavelength is l54 a , giving rise to a single propagating
mode. Disorder is modeled by a random on-site potential,
with localization length j54l554 a . The scattering rate g is
determined from the ballistic regime. We find perfect agree-
ment between Eq. ~21! and the numerical simulations, with-
out any free parameter.
IV. MULTICHANNEL WAVEGUIDE
Now we turn to the case N.1 of more than one propa-
gating mode in the waveguide. We first show that the delay
times separate into two independent contributions and dis-
cuss some consequences. Then we turn to the distribution
function P(tnm) and propose an approximation, based on a
heuristic modification of the case N51, which agrees well
with the result of numerical simulations. Finally, we investi-
gate the correlation between the transmission channel with
eigenvalue T1 and the eigenvector of the Wigner-Smith ma-
trix with eigenvalue t˜ 1.
A. Separation rule
For the transmitted intensity it is sufficient to consider the
reduced form tnm5v1nu1mAT1, Eq. ~9!, of the transmission-
matrix elements in the localized regime. Under the additional
assumption ~which is validated by the numerical simulations!
that the coefficients vkn , ukm , kÞ1, do not depend much
FIG. 2. Distribution of transmission delay time t for a single-
channel waveguide. The analytic result ~21! ~curve! is compared
with the results of a numerical simulation of random scattering in a
single-channel waveguide.6-4
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the elements v1n and u1m , this form can also be used for the











The contribution xm only depends on the mode index m
of the incident mode, while xn8 only depends on the detected
mode n. This gives rise to strong correlations between the
delay times for each disorder realization: They obey the re-
lations
t i j1tkl5t il1tk j . ~24!
The dependence on the mode indices suggests that x and
x8 are independent and equivalent, and that they are deter-
mined by scattering within a couple of localization lengths
close to the associated opening. This is also suggested by the
fact that xm only depends on the matrix u, while xn8 only
depends on the matrix v . These matrices, on the other hand,
determine the reflection matrices r5uTA12Tu’uTu and
r8’2vTv , which can be considered as independent in the
localized regime. ~The approximation T50 corresponds to
neglecting the influence of the opposite end of the wave-
guide, which is far away!. However, that might be
deceptive—note that although u and v give r and r8, they are
themselves not uniquely determined by r and r8 in this ap-
proximation: e.g., the same reflection matrix r can be ob-
tained from ou , with o an arbitrary orthogonal matrix. The
matrix u can only be determined uniquely from r if we also
use the information in t , which depends on the opposite end
of the waveguide. We will demonstrate now that x and x8,
nevertheless, become independent in the localized regime.
However, in Sec. IV C we will see how degrees of freedom
which are similar in nature as o reflect in the statistical dis-
tribution of the delay times.
In order to demonstrate that x and x8 are indeed indepen-
dent, we cut the waveguide into two parts ~associated with
subscripts i51,2), still requiring that the lengths Li@j . The
well-known composition rule
t5t2~12r18r2!21t1 ~25!
and the relations 1@T1,i@TkÞ1,i yield






Note that T1 is indeed real. This gives tnm5xm ,11xn ,28 , i.e.,
xm5xm ,1 independent on part 2 and xn85xn ,28 independent
on part 1.
B. Distribution of delay times
The considerations in the previous Sec. IV A also show
that the statistical distribution of t becomes independent of02660length ~‘‘stationary’’! for L@j , because the distribution
P(xm) for length L is identical to P(xm ,1) for length L1
,L , and analogously for xn8 .
The stationary distribution P(t) is plotted in Fig. 3, for
N52 and N530 propagating modes in the numerical simu-
lations ~corresponding to different widths W of the wave-
guide!. The distributions collapse onto a single curve when
the delay times are rescaled by a factor gN(N11). The dis-
tribution is however qualitatively different from the result for
N51. Most notably, a tail }t12
22 also extends into the region
of negative delay times, while the delay times for N51 are
strictly positive.
An analytic treatment of the transmission delay-time
problem for many channels is notoriously difficult. In the
framework of one-dimensional scaling theory, the evolution
of x couples to all elements of u and du/dv , which makes a
complete analytic solution impossible. Inspection of the
complicated full set of evolution equations that appear in this
approach, however, suggests the following approximation for
the stationarity requirement of P(x):
S 2Y1 ]]x ~x21Z2! D P~x!50, ~28!
with the solution
P~x!5
Y exp@~Y /Z !arctan~x/Z !#
2~x21Z2!sinh~pY /2Z !
. ~29!
For Y5g and Z50, the stationarity condition reduces to
Eq. ~20! for N51. For N.1, the appearance of Z can be
traced back to the additional degrees of freedom in
u†du/dv , especially also to the real part of this matrix ~the
real part vanishes for N51). This will be further discussed
in the following two subsections IV C and IV D. The factor
Y /Z in the exponent of Eq. ~29! determines the asymmetry of
the distribution for positive and negative values of x .
The full set of evolution equations suggests that Y.Z
.gN(N11)/2, up to numerical factors that cannot be de-
rived without solving the original problem. This is also the
order of magnitude of tnm at the border of diffusion and
localization, see Eq. ~8!. In Fig. 3 we have plotted the distri-
FIG. 3. Distribution of transmission delay time tnm for multi-
channel waveguides with N52 ~open dots! and N530 ~full dots!.
The analytic prediction from Eq. ~29! ~curve! with Y5Z5gN(N
11)/2 is compared with the results of a numerical simulation of
random scattering in a planar waveguide.6-5
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5gN(N11)/2 and Z5gN(N11)/2. The comparison with
the numerical data shows that the numerical factors are close
to unity.
C. Relation to the reflection problem
For N51 we could relate the problem of transmission
delay-times directly to the problem of reflection delay times.
Now we discuss to which extent these two problems are
linked for N.1.
Due to its symmetry, the scattering matrix can always be
written as S5UTU . In terms of the matrices of the polar
decomposition, we can choose
U5S ~T /2p !1/2u ~p/2!1/2v
2i~p/2!1/2u i~T /2p !1/2v D , ~30!
with p512A12T. In the localized regime, U can be ap-
proximated by
U5S u ~AT /2!v
2i~AT /2!u iv D . ~31!
The first index of the matrix U is decorated by the transmis-
sion amplitudes, hence U relates the scattering states to the
transmission channels ~each transmission channel is charac-
terized by two vectors: a row of u that connects it to the
scattering states on the left and a row of v that connects it to
the scattering states on the right!.











From the unitarity of U is follows that Q8 is real and sym-
metric, and hence diagonalized by an orthogonal matrix,




In this block form we denote the set of eigenvalues as
diag(t˜ ,t˜ 8). The matrix O diagonalizes the Wigner-Smith
matrix Q on the basis of transmission channels, given by U,
and hence relates the transmission channels to the eigenvec-
tors of the Wigner-Smith matrix.
It is consistent to assume that O is almost block diagonal,
with off-diagonal elements o12 , o21 of order AT1. From
Q85O diag(t˜ ,t˜ 8)OT we indeed obtain under this assump-
tion the relations
o11t˜o11
T 52 Im u*
duT
dv , ~35!02660o22t˜ 8o22





T 5Re SATu* duTdv 1dv*dv vTAT D .
~37!
Comparison with Eq. ~11! shows that o11 and o22 diagonalize
the Wigner-Smith matrices of the reflection problem ~Sec.
II F!, however, in the special basis of transmission channels
that is not fixed by reflection alone. The matrices o12 and o21
are related to frequency derivatives of u and v that do not
feature in the reflection problem at all. Moreover, because
they appear as off-diagonal elements of O, these matrices
connect the coefficients of the transmission channels from
one side of the waveguide to Wigner-Smith eigenvectors of
reflection from the other side.
According to Eqs. ~35! and ~36!, the eigenvalues of Q can
be approximated by the two sets t˜ , t˜ 8 of Wigner-Smith de-














Note that the separation ~23! of the transmission delay time
into two contributions that only depend on the incident or the
detected mode is not evident from Eq. ~39! @it follows, how-
ever, from Eq. ~37!#.
The main conclusion from Eq. ~39! is that one cannot
neglect the matrices o12 , o21 . That they appear here dem-
onstrates that the reflection and transmission problem for N
.1 are not directly related. It is tempting to interpret the
additional fluctuations from these matrices as the origin of
the quantity Z in Eq. ~28!.
In the next subsection we discuss an intensity-weighted
combination of all transmission delay times that does not
depend on o12 and o21 .
D. Weighted delay time and interpretation of long reflection
delay times
The matrix O, Eq. ~34!, carries the correlations of the
transmission channels and the eigenvectors of the Wigner-
Smith matrix ~‘‘delay-time channels’’!. A suitable object that
captures the essence of these correlations can be formed with
help of the intensity-weighted delay times6-6










where the last equality holds in the localized regime. The





From Eq. ~38! we find the representation
W5







T #11 , ~42!
where the first diagonal element is picked out because the
transmission eigenvalue T1 is much larger than the other
transmission eigenvalues. Hence W indeed carries informa-
tion of the correlations between the dominant transmission
channel and the delay-time channels, which can be quantified
by the overlaps
o˜ i5@o11#1i , o˜ i85@o22#1i . ~43!
Note that W does not involve the off-diagonal blocks o12 and
o21 of O that couple both ends of the waveguide, and that W
is manifestly positive.
The distribution P(W) is plotted in Fig. 4 for some values
of N in units gN(N11). These distributions are close to the
distribution
FIG. 4. Distribution of intensity-weighted combination W of all
transmission delay time for multichannel waveguides with N52
~full dots!, N55 ~open dots!, and N510 ~squares!, from the nu-
merical simulation. The full curve is distribution P(Wmax), Eq. ~44!,
of the upper bound Wmax . The dashed curve is the result for N




3 expS 2 N~N11 !gWmax D





˜ 11t˜ 18! ~45!
of the two largest delay times t˜ 1 , t˜ 18 , which follows from
Eq. ~13!. Figure 4 also shows the distribution function if o11
and o22 would be random orthogonal matrices, which would
result in much smaller values W.gN .
The quantity Wmax is an upper bound of W. That the dis-
tributions of both quantities are very close and require a large
overlap,
o˜ 1.o˜ 18.1, ~46!
of the dominant transmission channel with the channel with
the largest delay time, hence, that both channels are strongly
correlated. The correlation is strongest for large Wmax , be-
cause the tails of the two distributions coincide very well.
Upon reflection, the strong correlations of the dominant
transmission channel and the channel with the largest delay
time can be seen as one reason why the single-mode delay
times tnm are of order gN(N11), which corresponds to Y
.Z.gN(N11)/2 in Eq. ~28!.
V. CONCLUDING REMARKS
In this paper we have investigated the statistical properties
of the transmission delay time t in the presence of wave
localization. Most of the analysis relied on the separation of
the delay time into two independent contributions, t5x
1x8, with x and x8 given in Eq. ~23!. The properties of the
delay time follow then from the distribution function of x
and x8. This distribution does not depend on length in the
localized regime. It is given as an exact analytic expression
for N51 in Eq. ~21! and in approximate form for N.1 in
Eq. ~29!.
We also have demonstrated in Sec. IV D that the domi-
nant transmission channel is closely related with the channel
associated to the largest Wigner-Smith delay time. Large re-
flection delay times can hence be interpreted as exploration
of regions deep inside the waveguide, which are only acces-
sible via the dominant transmission channel.
The separation rule ~23! entails strict correlations among
the delay times of a single realization, which are related by
Eq. ~24!. These relations become invalid when absorption
dominates over localization ~then diffusion theory becomes
applicable again!. It would be interesting to investigate
whether the departure from Eq. ~24! qualifies as a practical
tool that distinguishes these two distinct mechanisms of
wave attenuation.6-7
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APPENDIX: DISTRIBUTION FUNCTION OF x FOR N˜1
The distribution P(x) for N51, Eq. ~19!, follows from
the requirement of stationarity on its evolution equation ~20!.
In this Appendix we briefly sketch how the evolution
equation is derived within one-dimensional scaling theory
@7,29,33,34#, adapted to the dynamical problem along the
lines of Refs. @23,35,36#.
In this approach we study the evolution of x(L1dL)
5x(L)1dx as the length of the waveguide is increased
gradually, by adding a thin slice of length dL . Within an
ensemble of random disorder, the evolution of the distribu-





]x S 2^dx&1 12 ]]x ^dx2& D P~x!. ~A1!
In order to show that Eq. ~A1! becomes Eq. ~20!, it re-
mains to calculate the moments ^dx& and ^dx2&. The scat-
tering matrix elements
r152r18*5iB , t15t18511iA2~a1b !/2, ~A2!02660of the slice are given by a Gaussian real number A with
variance ^A2&5a and the complex number B with ^uBu2&
5b . From ^ur2u&5dL/2l we obtain the relation to the mean
free path l5dL/2b . The derivative dA/dv5dL/c , as appro-
priate for the quasiballistic motion through the small seg-
ment.
Now we have to determine the elements u and du/dv for
the composed system of length L1dL . From the composi-
tion rule ~25! and the reduced form t5uvAT , Eq. ~9!, we
obtain in the localized regime the prescription










dv D , ~A4!
where we denoted for simplicity the initial value u(L)5u .
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